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KEYWORDS Abstract This paper studies the leader-following attitude coordination problems of multiple space-
Adaptive control; craft in the presence of inertia parameter uncertainties. To achieve attitude coordination in the sit-
Attitude coordination; uation that even the leader’s attitude is only applicable to a part of the following spacecraft, a non-
Leader-following consensus; linear attitude observer is proposed to obtain an accurate estimation of the leader’s attitude and
Non-certainty equivalence; angular velocity for all the followers. In addition, a distributed control scheme based on non-
Spacecraft formation flying certainty equivalence principle is presented for multiple spacecraft’ attitude synchronization. With

a dynamic scaling, attitude consensus can be achieved asymptotically without any information of
the bounds of the uncertain inertia parameters. Furthermore, once the estimations of inertia param-
eters reach their ideal values, the estimation process will stop and the ideal value of inertia param-
eter will be held. This is a special advantage of parameter estimation method based on non-certainty
equivalence. Numerical simulations are presented to demonstrate that the proposed non-certainty
equivalence-based method requires smaller control toque and converges faster compared with the
certainty equivalence-based method.
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1. Introduction greater efficiency and lower fuel consumption. ™ Attitude
coordination has been expected to be a necessary and impor-
Spacecraft formation flying has drawn extensive attention in tant technology for many space missions, such as the CanX-

the last decade due to its higher flexibility and robustness, ~ 4&> primarily supported by Canadian Space and the SUL-
FRO mission concept led by Chinese Academy of Sciences.”

Compared with the leaderless case studied in Ref.°, the
leader-following attitude coordination control is more chal-
lengeable since it not only ensures the consensus of the follow-
ers’ attitude, but also enables the followers’ attitude and
angular velocity to be in line with those of the leader.”® If there
is only one follower, the leader-following problem degenerates
into the attitude tracking problem of spacecraft.”'”
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According to how the followers access the leader’s states,
the methods for tackling leader-following problem can be clas-
sified into decentralized and distributed methods. The decen-
tralized control algorithms assume that the leader’s state is
accessible to every follower in the group.'' '® A passivity-
based controller for a group of spacecraft without inertial
frame information was developed in Ref.'’. Meng et al.
designed two distributed containment control laws for attitude
consensus of spacecraft, including both static and dynamic
leaders.'* The result indicates that the attitude of the followers
will converge to the convex hull formed by all leaders. A non-
singular fast terminal sliding mode controller was proposed to
counteract the impact of external disturbances and actuator
failures in Ref.'> Attitude coordination with communication
delays, caused by the distance between satellites, was taken
into consideration in Ref. '*!”

In practice, it is more realistic that only a part of the follow-
ers can access the leader’s attitude. Several distributed control
laws have been presented to solve this problem in Ref.'® ** Ren
firstly studied distributed attitude synchronization of the
leader-following problem with attitudes represented by modi-
fied Rodriguez parameters.'® Cai and Huang proposed a dis-
tributed nonlinear estimation method of leader’s state for
followers under the assumption that the communication net-
work of the spacecraft systems is undirected and connected.'”
This work was extended to the case without the measurements
of angular velocity by employing an angular velocity auxiliary
system in Ref.”" Zou et al. also studied the attitude coordina-
tion of the leader-following spacecraft systems without angular
velocity measurement under undirected communication graph
and proposed a finite-time observer to obtain the unmeasur-
able angular velocity of the leader.”' Du extended attitude con-
sensus of leader-following spacecraft systems to the situation
with both rigid and flexible spacecraft.”> However, all the
above literatures did not consider attitude coordination with
uncertain inertia parameters.

Uncertainties of the spacecraft, caused by fuel consump-
tion, appendage deployment and onboard payload transfor-
mation, are  challenging to  spacecraft  attitude
synchronization. Attitude tracking for single spacecraft with
unknown inertia parameter has been investigated in

problem to leader-following problem is nontrivial, especially
when the leader’s information cannot be directly accessed by
all the followers. Several authors have studied the leader-
following attitude coordination problem associated with
parameter uncertainties.”® *° Wu et al. studied the attitude syn-
chronization and tracking problem of spacecraft with parame-
ter uncertainties.”®>’ In these papers, the uncertainties were
assumed to be a known nominal part and an uncertain part.
A robust nonlinear controller for both relative position track-
ing and attitude synchronization with external disturbance and
model uncertainty was presented in Ref.”® However, initial val-
ues of the inertia parameters were regarded as known con-
stants. Recently, Cai and Huang proposed a distributed
control algorithm based on Certainty-Equivalence (CE) for
multiple spacecraft systems in the presence of inertia parame-
ter uncertainties.’’ The authors later extended their research
to the condition with both uncertainties and external distur-
bances.’ Although the asymptotic convergence of the tracking

errors is easy to achieve in the existing literatures, the param-
eter estimation process is directly affected by tracking error
dynamics, which could result in bad transient performance.

The main aim of this paper is to provide a high-
performance solution for the problem of attitude coordina-
tion for leader-following spacecraft in the presence of inertia
parameter uncertainties. Unlike the CE-based approaches in
attitude consensus with uncertainties, a distributed control
law based on dynamic-scaling-based non-certainty equiva-
lence is proposed. By setting an upper bound for dynamic
scaling factor, the proposed method can not only make
the convergence rate of attitude coordination faster, but also
avoid the bad transient performance compared with CE-
based method. In addition, the asymptotic convergence of
tracking error under all the possible initial conditions is
guaranteed without considering the boundary information
of system uncertainties. Moreover, the distributed observer
proposed in Ref.”” is modified and applied to overcome
the difficulty that the leader’s attitude and angular velocity
are only accessible to a part of the followers. This dis-
tributed observer guarantees that the attitude estimation
made by the followers will converge to the leader’s attitude,
and then all the followers can track the estimation to
achieve attitude consensus with the leader.

The following of this paper is organized as follows. The
attitude dynamics of spacecraft and problem formulation are
briefly described in Section 2. Section 3 introduces a nonlinear
distributed observer. The controller is given and its stability
analysis is made in Section 4. Simulations are presented in Sec-
tion 5 to illustrate our results. Conclusions are given in
Section 6.

2. Preliminaries and problem formulation
2.1. Algebraic graph theory

In this subsection, algebraic graph theory is briefly introduced
to describe the communication networks among the leader-
following spacecraft system. A directed graph (or digraph) is
represented as G(V(G), E(G)), in which V(G) = {v,va,... vy}
represents a vertex set, and E(G) C V(G) x V(G) represents
an edge set of ordered pair of vertexes. The edge set consists
of elements of the form (v;,v;) if vertex v; can get some infor-
mation  from vertex v, An adjacency matrix
A(G) = [az] e R™Y  of digraph G is defined as: if
(vi,v;) € E(G), a; > 0, otherwise a; = 0. With the adjacency
matrix A(G), the Laplacian matrix L(G) = [/;] € RY" of the
N

digraph Gis given as: if i =/, [; = >

j—1dij» otherwise [; = —ay;.

In the leader-following spacecraft system, vy, v,, ... vy repre-
sent the N followers and G represents the communicating rela-
tions between all following spacecraft. The leader is denoted
as vy and the edges between the leader and all followers are
denoted as Ej. Then, the corresponding communication net-
works of leader-following spacecraft system can be represented
asG(V(G), E(G),A(G)) inwhich V(G) = V(G) U vy is the vertex
set, E(G)=EGUE, is the edge set and
A(G) = [ay] € RV i je {0,1,..., N} is the adjacency

matrix of G. The adjacency matrix between the leader and all
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following spacecraft is denoted by
B(G) = diag{ajo, ..., a0} € R"", where a; > 0 if the i-th fol-
lower can access the state of the leader, otherwise a;y = 0. Since
there is no edge from the follower to the leader, ay; = 0 for all
i=1,2,...,N. If not otherwise specified, matrix L(G) and
B(G) are abbreviated as L and B in the following sections
respectively.

Assumption 1. The communication digraph G of leader-
following spacecraft system contains a spanning tree, in which
the leader spacecraft (vy in G) is the root.

Remark 1. Assumption 1 is the weakest condition to guaran-
tee the accessibility of the leader’s attitude information by all
the followers.

2.2. Problem formulation of attitude synchronization

Consider a system containing N rigid spacecraft with the fol-
lowing attitude dynamic equations:

{qi =14; 0 q(w))

. i=1,2,....N 1)
J,‘(D,‘ = 7w;<.,iw[+ui

where J; € R¥? is the symmetric and positive definite inertia
matrix of the i-th  spacecraft. A  quaternion
q=17,4" € R x R?is denoted as ¢ € Q, and a unit quaternion
is denoted as ¢ € Q,, if it satisfies the constraint > + §'¢q = 1.
¢; € Q, is a unit quaternion describing the orientation of the
body frame B; of the i-th spacecraft with respect to the inertial
frame; w; = [w,;ww,-ww,-zf € R? denotes the attitude velocity
of the body frame B5; of the i-th spacecraft relative to the iner-
tial frame 7; u; € R® denotes the control torque of the i-th
spacecraft. The variable quantities w;, J;, u; are all expressed
in B;. The operator g(-) converts a vector x € R® to a quater-
nion ¢(x)=[0,x"]' €eRxR’. The
Yo = [0, m,, 03] € R® represents the following skew symmet-

X

notation @ for

0 —@3 (125)
ric matrix * = | ws 0 —m, |.The operator © repre-
—» | 0
sents the quaternion product: for 4,9; € Q,
4 — 44

g = | _ UL ]
T2~ G+ e+ aa

The reference attitude g, of the leader is generated accord-
ing to the following system:

b0 =540 © glon) &)

where ¢, = [0, @0]" € Q, is an unit quaternion describing the
orientation of the body frame B, of the leader spacecraft rela-
tive to inertial frame 7, and o, € R® represents attitude veloc-
ity of the body frame B, of leader spacecraft with respect to the
inertial frame Z. In particular, w, is assumed as a bounded
function with bounded @, and @,.

In view of Egs. (1) and (2), the attitude tracking errors
between the ith spacecraft and the leader are given as

{ €=q,' Og
&),‘ = w; — C(E,‘)(DQ

3)

where €; € Q, and C(¢;) = (€ — & ¢&;)I; + 2&;&f — 2€;¢ repre-
sent the unit quaternion attitude tracking error and direction
cosine matrix between frame B; and B, respectively;
I, € R¥? denotes the identity matrix; é&; represents the angular
velocity tracking error between w; and @,. From the definition
above, the attitude tracking error dynamics are obtained as
follows:

Z%E[Qq(d)i) (4)

Jio; = —0] Jo; + J, (0] C(e)my) — C(e) o+ ;.

The purpose of this paper is to solve the following problem
associated with parameter uncertainties.

Problem 1. Given systems (1) and (2), under Assumption 1,
design a distributed control law such that, for all @;(0) € R’
and all ¢;(0) € Q,,

Nz 2P BN S
lime (1] = 0 mzmzo, i=1,2,...,N.

1— 1—

Assumption 2. The leader’s angular velocity my(7) is generated
the same as'’

d)o = S(l)() (5)

where @, € R®, § € R¥?, and system (5) is assumed to be mar-
ginally stable.

Assumption 3. The leader’s angular velocity ay(#) satisfies the
persistent excitation inequality®’

+T,

/ an(t)a (1) de = 0, Vi = 1 (6)
t

for positive constants ¢y, Ty and £.

Remark 2. Assumption 2 implies that the leader’s angular
velocity @y is bounded. Additionally, according to system
(2), g, is bounded too. The model of similar form has been
widely used in Ref.'"?%3932 However, these literatures all
assume that the matrix S is known to all followers to make
the follower be able to generate the same angular accelera-
tion as the leader. To remedy the unknown of matrix S,
an estimation of § is proposed based on Immersion &
Invariance (I&I) theory with Assumption 3. It is noted that
persistent excitation is widely used to ensure the convergence
of parameter.

2.3. Lemmas

To prove the main result in this paper, we need the following
lemmas:

Lemma 1. The matrix H = L + B is positive stable if and only
if digraph G contains a spanning tree with the leader spacecraft
as the root.™

Lemma 2. Let x1€Q,xneQ, x3=x0x and
2(
x4y =X, ©x;. Then xlx; = xTx; = xJx,.”
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3. Distributed observer

Since the attitude of the leader is not available to all the follow-
ing spacecraft, a distributed observer is proposed to estimate
the leader’s attitude for all other spacecraft. To estimate the
angular velocity and angular acceleration of the leader, we
define a dynamic compensator similar as'’

=510 q(&) +ny )
&= Siff +&a
where
ndt - Hzall t
(8)

= V2Zaij(fj - fi)
j=0

and 5, €Q, & €R’, i=1,2,..., N represent the leader’s atti-
tude and angular velocity estimated by the i-th follower,
respectively; n, = q,, & = oy, v1, v, are positive real numbers,
and 8, denotes the estimation of .S by the i-th spacecraft. Let
T T
”:['1—11-7”—21-77'1%] s 6:[6—11-15’21-776—15} 5 wS:]N®w03
S= diag{:S‘l,Sz, . ,SN} and S=1y®S, where IyecR"
denotes the vector of all ones, and Iy € RV denotes the iden-

tity matrix. In view of these definitions, Egs. (5) and (7) can be
rewritten in a compact form as

{‘.}’S_f Sos 9)
é = S(; — (VzL X 13)6 — (VzB@ 13)(6 — (1)5)

Fori=1,2,...,N, let {; =, — q,, c; = & — @, denote the
attitude and angular velocity error between the leader and

the followers’ estimation, ¢ = [¢,(3,... ,CI,]T and
s=l¢l, 5, ,ngV}T, and then, the time derivative of ¢ is given
as

¢=—(mH® L)+ S¢ — Sos

_(V2H® 13)g+3'£—3wg+:9w5 —S(l)s (10)
—(mH® L) + S + Sws
= Ey+.~5‘w0
where £ = —-(mH® L) + S, S=8-8 By Lemma 1, under

Assumptions 1 and 2, H is positive definite and E is Hurwitz.

Since S is marginally stable, let
0s = [—Si1, —S2, —S33, —Sx, —Si13, —Sx|" denotes the ele-
ments of matrix S, and then it can be easily verified that
Sx = Q(x)0s, x =[x, x2, x3]T € R?, where

_ “ N N “ T
We denote 05 = 1y ® 05 and 0;:[0§,0§77... BT] By
defining 05 = s + Bs(&, @) as the estimation of O, the error

dynamics of 03 = 03 0 can be written as

s =05-0
=75+ Bs
—y5+d§;c+§£§w

_75+3"Sﬁ+ 2 Sws

(11)

Let y4 be assigned as

alfs 9s g,
5 +5=
0

ws

Vs = (12)
and thus, the dynamics of the estimation error 0 is further
reduced to

55: —%(S—S>wsf aﬁs

8(1)5

(5)05 (13)

where Q(ay) = [Iy ® Q(w)]. However, Q(ay) in Eq. (12) may
not be a Jacobian matrix, and the analytical solution of
0B/ 0ws = psQ(ws) cannot be obtained directly.

Next, we define the estimation f as

Bs=pslal.at,....a%]" (14)
where

0, (&)ws(3i — 2) + Oy (&) ws(3i — 1) + O3 (&) ws(3i) € R,
i=1,...,N

R® are the column vectors of

and Q,(&),0,(&),0,(&) €
o' (&).

Lemma 3. Considering systems (2) and (5), and the estima-
tions given in Eqgs. (7), (11), (12) and (14) with Assumptions 1—

3,if vi, v2 > 0, 49(0) € Q,, 0(0) € R, (0) € Q, (0) € R,
then n,(7) and C (1) exist, are bounded for all 7 > 0, and satisfy
lim ($,&(0) ~ SE()) =0, Jim (1,(1) ~ go()) =0 and
lim (&,-(z) - wo(z)) — 0 exponentially for all i = 1,2..., N.

Remark 3. Assumption 1 is the premise of the establishment of
Lemma 3 and it ensures that all the followers can access the
leader’s state. Then, the followers can utilize the distributed
observer given in Eq. (7) to estimate the leader’s attitude,
angular velocity and angular acceleration. Lemma 3 indicates
that the estimation 5; and & will converge to the leader’s atti-
tude ¢, and angular velocity @, respectively. In addition,
Remark 1 shows that ¢, and , are bounded and then #;
and &, are also bounded.

Since the leader’s state might not be accessible to all the fol-
lowers, the error Egs. (3) and (4) cannot be employed directly.

Instead, for each follower, the error signal is defined as?%!
e = ’f@ f

{ =1 0q ) (15)
W = W; — C(e,-)fl» + k]l’el'

where kj; > 0 denotes a control gain, ¢; € Q is the attitude
error, @ €R® is the angular velocity error, and
Cle;) = (€ — e]e;) 1+ 2e;e] — 2e:¢ denotes the corresponding
rotation matrix. Differentiating Eq. (15) leads to the following
error system:
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PR R
e =36,0q(@; —kie;) +ey : o8 o8;
. 01' - o (DI + ’wl + i
J,‘(I)l’ =—w; J,»w,- ]:1 oy =Y y
+Ji (@ — k) p;— pd, + ki (&) +eils ) (@; — kier) | + &2+ u; ) 5 ) (23)
=Y da O+ G~ o+ w) + 9
(16) = I )
where p;, = C(e))¢;, pd; = C(ef)sxf,- and where denotes the j-th element of @;.
e =1 (ele,— 1)q(&) @ e+ 1, O g Consider a regression matrix W; ¢ R i=1,2,... N
& = —Ji(saiff + C(e;) &, — kg + C(ei)sigi) W= —oL(w;) + L{(@; — kue;)"p; — pd,
S TS P 4 ST S oT N5 5% _ 9zax k
&i = 208,ly — 2078l + 28ne; +28¢; — 2047 — 283ty + % (AIX + E,‘I3) (@i — ki) + 0,0; + @;8; + kai(®; + w;e;)
(17)
O ras = _
+§ (e,. + eilg)w,} (24)

Remark 4. Eq. (4) represents the real errors between the
followers’ attitude and that of the leader; however, Eq. (16)
represents the errors between the followers’ attitude and the
estimated attitude of the leader by the i-th follower. Lemma 2
ensures that the estimated attitude of the leader by the
followers is convergent to the leader’s attitude. Therefore, the
convergence of system (16) guarantees the convergence of
system (4). In addition, Lemma 3 indicates S;&, — 0 exponen-
tially as 7#— oo, and then by Remark 3.2 in Ref.%,
&1, &i, &; — 0 exponentially as ¢ — oco.

4. Dynamic-scaling-based non-certainty equivalent controller

4.1. Distributed controller design

To deal with the unknown inertia matrix

Ju Jin2 Jis

Ji=1Jin2 J I3 (18)
Juz Tz I

a model parameter vector is defined as

0= [Jni, Joy Joz, Jaz, Tz Jos]'
easily verified that

Jix = L(x)0; (19)

where

Then it can be

X1 0 0 X2 X3 0
Lx)=[0 x 0 x 0 x; (20)

0 0 x3 0 x x

For the system defined in Eq. (16), the corresponding
parameter estimation 0; of ; is given by

0, = B(Pi, )+, (21)

where f, and y; are two functions to be specified, and @;
denotes the measurable or obtainable signals that are indepen-
dent of w;. Therefore, the parameter estimate error becomes

0; = B/(®;, ) +7,— 0, (22)

Consequently, the dynamics of the parameter estimation
error can be obtained by substituting Eq. (1) into the time
derivative of Eq. (22) to yield the following:

where 6;, ¢;, a;,i =1,2,..., N are positive constants; k; € R
denotes a dynamic control gain to be determined. Hence, the
time derivative of §; can be written as

a@za(ﬁ;@ +aﬁ’J VLR

E)ﬂ ki ~x _ _ X
6wl {( —kye) p; — pd, + 5 (e +els)(@; — ke;)
+5[(1),' —+ (piéi —+ kz,‘((j); —+ OCié,*) —+ % (élx + E,Ig)(j},] (25)

Let y, and the control input u; be assigned as

. "~ OB . op;
Vi=— ]-z:;ad)ij ij o, ( kllel) —pd;

ki (. _ X _ X _ X
+7 (e +ab) (@ — ki) + 0:0; + @& + k(@i + ;)

+2 (& +ab)al _ (26)

=Wy, +8) (27)

Substitute Egs. (26) and (27) into Eq. (25), and the time
derivative of the parameter estimate error is simplified as

i y1yn
i =—n—J Wb, 28
o (8)
Asin Ref.™, an “approximate” solution P; can be generated
as
Bi=p; [Wil (@) wix + Wi (@) w5, + Wi (ﬁ)i)wz‘z] (29)

where p; is a constant real number, W;(®;) is the regression
matrix in Eq. (24) where &; is replaced by &,
Wi (@), Wa(d;), Wa(d;) € R®! are the column vectors of
W,.T(d)[), and the estimated angular velocity @; is defined as

@ =— [5,@[ + @i + koo + we;) + % (e + 5113)‘1’[}
- {(@: —kie)"p
— (@ — )

—pd; + kzl (éix + 5[13)(6)[ — kué[)}

(30)
where ; € R is a dynamic observer gain to be determined.
Then partial derivative df,;/0w; can be obtained as

B o Wi@) = W+ ) a1

with
A = Wi(oy) — W, (32)
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From the illustration in Appendix, the following inequality
holds between A; and the observation error @; — w;

AN < 1Al — o] (33)

The details of A; and A; are given in Appendix A.2.
Substitute Eq. (31) into Eq. (28), and the time derivative of
the parameter estimate error becomes

0, = p(Wi+ A T (W0, + u) (34)
By applying Eqgs. (24) and (27), Eq. (16) can be further

derived as
Jiio,=—W,0,— J, [5,-&),- + @i+ ki (@ + 02;) +% (&7 + 5[13)@,-] +e.
(35)

Remark 5. In Eq. (34), the dynamics of 0, is directly related to
0,, which is different to the parameter estimation scheme given

in Ref.?*’! based on CE principle. Therefore, 8 =0 holds
when 0 = 0, i.e., once the estimation 0; reaches the value of 0;,
the estimation process will stop and the ideal values of inertia
parameter will be held.

4.2. Dynamic scaling

Since the inertial matrix J; is unknown, the minimum eigen-
value of the matrix cannot be used in controller. To overcome
this difficulty, a scaled estimate error is defined as

Cexp (1/27 +1/2) 0
= exp (\/ln [ 1//1,-) Vi

where 4; > 0 is the minimum eigenvalue of J;. The scaling fac-
tor is defined by the following differential equations:

{ ~(0)—pl, 1)/ Inri(1) + 1]|As(t (37)

From Eq. (37), it can be obtained that r;(z) > 1 holds for
all + > 0. By differentiating Eq. (36) and using Egs. (34) and
(37), it follows that

(36)

s — o WY T Wer — oA W —
G = —piWid Wizi — pAi I Wiz i/l (38)
=—pWJ Wz — P,‘A,'T'];] Wiz — WZ;

Consider a Lyapunov function
V. L (39)
=5 Z; i
2/)1' i=1
With Eq. (38), its derivative with respect to time is obtained
as

N
Z[ Z; WTJ Wz,—zTATJ Wiz — HA” ziz,]

24

N )
<> |- ||Jr1szf||2—@(||A,~||2

—[IAdF)]  0)

Zmin

IWiZiHZ

where
Amin = min{4;, i € (1,2,---,N)}. (41)

Since J; is positive definite, Ay, is positive too. It can be
concluded that V. < 0, and then, .I,.’1 Wz, and z; are bounded.

4.3. Stability analysis

Theorem 1. Given systems (1), (2) and (5) with unknown
inertia matrix J;, using the control law (27), the parameter
estimation in Egs. (7), (11), (12), (14), (25), (26) and (29) with
the dynamic gains ky; and y; are defined as

1

kz,‘zzr,' (42)
1 ki -

lﬁxzi"i"‘?}”AiH‘i‘kM (43)

where ks;, kg, i=1,2,...
parameter estimation error 0 is bounded, @;(z)
converge to zero, and Problem 1 is solvable.

, N are positive constants. Then, the
— (1) will

Proof. Utilizing Eqs. (1), (24) and (30), the time derivative of
@;(1) — w;(t) can be obtained as

(i),' — d){ =— [&).Xp,- —pd- + ((5/ +k2i)&),‘ + (0(,'/{2,‘ + ¢[)é,‘ +
—Y (@ —w;)— J.’ (fw,xJ,wiJru,‘)
=J Wb, — (@ — )

4 (e @ +eo,))

(44)

Now, consider a Lyapunov-like function

N
Z @ — o) (@ — ﬁ\/lnri—l—l (45)

Since r;(0) = 1 due to Eq. (37), V) is positive definite.
Using Eq. (33), Eq. (43) and the inequality

exp (\/lnr, /)) exp (1/27; +Inr; + 1/2)

<exp (17247 + 1/2)/r: (46)

the time derivative of V/; is obtained as

o |

N
Vl Z( ; exp \/llll‘#]//)(,\.i

At exp I/2/ +]/2)

)T vv,-szw,-\\caffwf||2)

[
+Z/r,’ Py e
N 2
1/, . T N 2
<Z( [(7 e oo 441 IW,z,-Zw,||w,-w,-||’>

- exp(1/2/3+1/2)

N -
<Z(%r’._wi_,_ky!&\\)né)[_wiHZ_i_/anHJ WZLH

—Zk4f||wi—w,||z+’-"* ZHJ Wizl
i=1
(47)

where Ay, = max{4; i € (1,2, --

-, N}
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Next, consider another Lyapunov-like function

;l”ﬂdX
=V + V. (48)

)mm

Taking the time derivative of Eq. (48) yields
Vz V] iy Jmax Vn

min

N
*ZkMH&N — o| 2= | Wz
p =1
” " 1\/
o 2 T Wiz
i=1

N
2
Z 4i |(1), (1),”

Eq. (49) indicates that ®;
and then Eq. (36) ensures that 6; is also bounded.

Finally, to show the convergence of tracking errors, we con-
sider the following Lyapunov function:

(49)

— w;, z; and r; are all bounded,

N

v, :%Z [(a),-+oc,-éi)T(6>i+oc,-é,-) +(2u0i+ ;) ((Ei -1y’ +@,~T@f>]

i=1

+ /:max V.

Amin

(50)

Taking the derivative of V3 in Eq. (50) and using Egs. (35),
(42) and (46), we can obtain

as t — oo. With Eq. (35), one has hm W6, =0, lim @; = 0,

1—00

and 11m ¢; =0. By Remark 3.3 in Ref.'o, we obtain that

lim @; = 0 and llm e =0.

1—00

Since w;, ®; and ¢ are bounded, W, and A; are bounded with
Egs. (24) and (32). By Eq. (37), #; is bounded and then by Egs.
(38) and (44), z; and @; — @; are bounded too. Thus ¥, is
bounded and wusing Barbalat’s lemma again one has

lim ¥V, =0 and hence lim (fol- —w; =0. Therefore,
1—00 —00
lim @; — w; = 0 according to Eq. (44). The proof is completed.

t—00

Remark 6. Although the external disturbance is not consid-
ered in Eq. (1), o-modification can be employed to ensure the
attitude tracking and parameter estimation errors against
bounded external disturbance. Considering a bounded external
disturbance d;(z) € R’, is added to the right-hand side of Eq.
(1), where dyax 1s a positive constant. Add a leakage term
—p;0:(B; + y;) to the right-hand side of Eq. (18), where o; is a
positive constant, and then the dynamics of @ is given by

0,‘ = —p,-(Wi + Ai)TJ;l W,‘é,‘ — P;0; (é, + 0,)
+p(Wi+ M) d (53)
Consider the same Lyapunov function V., in Eq. (39) with

the same dynamic scaling mechanism in Eq. (36), the time-
derivative of V. becomes

N
: . S 112 o dmes || 2 s )2 5112 i 3|7 2
{(E_kZi)wa_FaieiH +75 [7; IVV:'Z:'H — Sil|@i]|” — ;||| “'841} -2 |I; lesz (51)

N
V3 = Z [((I), + C)(,'é,-)T (—J;l V/V,O, — in(G),‘ + OC,’él’)) — ((5,”6),”2 + OC,'([)l-Hé,'HZ) + 84,} + //:ﬁ V:

=1
N

<>
=1
N

<> [-ol@iP - wolled + e
=1

where

&y = (@; + ‘xiéi)T(sZi + &)
+ 2[(0{,‘5,‘ + QDI)((E, — l)ﬁlid),- + é;rf—;h):l (52)

By Remark 4, &;;, &, &; — 0 exponentially as t — oo, then
e4i — 0 exponemially as t—oo. Let F(r)= Zfi,&“ and
Vi(t) = V3(t) — [y F(r)dr, and it follows that F(t) — 0 as
t — oo. Therefore, fo (t)dt exists and [; F(t)dr is bounded
for all + > 0. Then Eq. (51) ensures that V;( ) is lower
bounded and leads to Vi < S, [~dilla? - wo)féi’] <0,
Thus V53 and hence V, are both bounded above. Therefore, it
can be concluded that @,, ¢ and e are all bounded.

Via Eq. (16), it is obtained that @; and ¢; are bounded, and
then Eq. (50) ensures that 7 is bounded too. According to
Barbalat’s lemma, V> and hence @; and & will converge to zero

N
Z[z W Wiz =2 AT Wiz, —

+§N:[ (Wi+A)"

=1

o h
20,/ Inr+1 0"

izl + oz 0]

(54)
where

Eiexp(1/2/1f+1/2) 0, exp (1/27; +1/2) d;

exp (Vinr, +1/4) V4~ exp (VInr, +1/%) Vi

Let us define the scaling factor with the following
derivative:

= 3pri/Inr + 1||A|]* = ksilri — ri(0)]/Inr; + 1 (55)

where ks; is a positive constant. Then V., becomes

[vl,':
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v [ o ks allo  3ldiP
Z{ D e

(56)

Eq. (55) ensures r; = r;(0) > 1. Hence, the following
inequalities are established by utilizing exp(x) > x:

- Jiexp (1/22+1
0; 1m-,((0)+1 ). 0;
(57)
- 2i-exp 1//1,2+1
d[ ]nr,((())Jrl ) ! d[
which indicate that 5,- and :1[ are bounded. Therefore,
o< [ - 22l
X = 2 i ii
Ji-exp (1/22+1 116,17 3
e (1 +1) (al ||+ s 55)
Inr;(0) +1 2 22

Let o; > ks;/Z;, and then the boundedness of z; can be
obtained according to the second term on the right-hand side
of Eq. (58). Following the same design process in the proof
of Theorem 1, if we chose the constant kj; satisfying
ks > 1/2, the observation error @; — w; will be ultimately
attracted to the set:

Sii = {(@ — o) : || — o]
< dﬁu\x +exp (1/i?+1) )GIHBH +3 max
SV 22k —1/2)  Inry(0) + 1 2ky — 1/2)

(59)

Similarly, if ¢, > «;/2 and 0; > 1/2, the attitude tracking
errors ¢; and @; will also be attracted to the set:

p exp 1/ +1) o012+ 3d
||e"”<\// TP 7 T o i
= e 2 01|01+ 3,
leﬂg\/ 20— 1/2)+6Xp(1/7%+1) /(2/”(5“ i)

(60)

Sri=1 (&,;):

Therefore, in view of Egs. (55), (59) and (60), A; and r; are
bounded. In addition, the size of S;; and S»; can be made arbi-
trarily small by increasing the constants ks;, ¢; and J;,. More-
over, if the external disturbance is slowly time-varying, it can
be handled as unknown constant parameters, which will lead
to the asymptotic convergence of @; — w;, ¢; and @;.

5. Simulation

Consider a leader-following spacecraft system, the followers’
attitude dynamics are described in Eq. (1) with the following
inertia parameters:

1.2, 3.5, 4.7, 0, 0, 0"
1.3,3.4,52,0,0,0"
1.9, 2.1, 3.5, 0, 0, 0]"
2.1,5.1,7.1,0,0,0"

[
[
[
[

The leader’s angular velocity ey is generated by Eq. (5) with
the following matrix:

0 -1 0
S=|-1
0
The simulation is conducted with the following initial con-
ditions: (0) =2, 1, 1]", :(0) = [0, 0, 0],
&(0) =10, 0, 0]", n:(0) = [0, 0, 0, 1] and

0:(0) =10, 0, 0, 0, 0, O]T for i = 1,2,3,4. The initial attitudes
qO(O) = [17 07 Oa O]T’

of  spacecraft are given as

4,(0) = [cos(n/8), 0, 0, —sin(x/8)[",  g,(0) = [cos(r/6),
0, 0, —sin(n/6)]", ¢;(0) = [cos(n/4), 0, 0, —sin(n/4)]" and
4,(0) = [cos(n/3), 0, 0, —sin(n/3)]". In addition, the control

gains are defined as v; =20, v, =20, k; =10, k3 =2,
=35 6=05 ¢ =10, p,=0.1, kyy =107 and r,(0) = 1.
The results based on CE in Ref.*' are selected as the control
group, in which the control gain is given as k; = 10 and
= 10.
The communication graph G is shown in Fig. 1 and the cor-
responding adjacency matrix is

A(0) =

S O = = O
_ =0 O O
-0 O O O
S O O o O
S O O o O

Simulation results of four followers are presented in Figs. 2—
6. To simplify the figures, the norm of errors is used to replace
the errors in these figures. Fig. 2 shows that the angular veloc-
ity error decays to zero, which indicates that the estimation
angular acceleration S;&,(¢) ultimately coincides with the prac-
tical angular acceleration Swy(7). The attitude and angular

Fig. 1 Communication digraph G.
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0.015

0.010

0.005 |

Angular acceleration

0 n L
102 10! 10° 10! 10?

Time (s)

Fig. 2 Norm of angular acceleration errors ||S;&(r) — S (1)]].-



696 X. YUE et al.
0.5 0.6
i - - CE-based _ CE-based
0.4 — Proposed 1 i Proposed |
4 03 g O4 ]
=1 =]
£ £ 03 F
= 82 < 02}
0.1 0.1}
O L L N 0 L L
10+ 10! 10° 10! 102 102 107! 10° 10! 10%
Time (s) Time (s)
(a) Spacecraft 1 (b) Spacecraft 2
0.8 T T T 1.0 :
- - CE-based | - - CE-based
— Proposed | 0.8 — Proposed 1
L Q
2 R
Z 2 o4t
021
0 ' - - 0 : .
10 10 100 10! 102 1072 10! 10° 10! 10?
Time (s) Time (s)
(c) Spacecraft 3 (d) Spacecraft 4
Fig. 3 Norm of attitude tracking errors ||g;! ® ¢,]|,.
35 T 5 -
30t : - - CE-based i - = CE-based
z 2‘ sl "‘l — Proposed | z 4 ) Proposed 1
g - i 8 i
© 1 s 3t "
; 1 ; I |
= = 2 -
) &0
= i=1
< < 1
0 0
16 101 10° 10! 102 1072 10! 10° 10! 102
Time (s) Time (s)
(a) Spacecraft 1 (b) Spacecraft 2
8 T T
L ) - = CE-based | - - CE-based
z 6t i — Proposed | 2 — Proposed
g n 2
E 0 e
8 4 P k=
& J &
(=] 1 (=]
< <
10! 10? 1072 107! 10° 10! 10?

Time (s)
(c) Spacecraft 3

Time (s)
(d) Spacecraft 4

Fig. 4 Norm of angular velocity tracking errors ||@; — C(€;) )|,

velocity tracking errors of the four followers relative to the lea-
der are compared in Figs. 3 and 4, respectively. The results
show that the errors of the attitude and angular velocity all
converge to zero under both control schemes, while the conver-
gence rate of the proposed method is obviously faster than that
of the CE-based method for all the spacecraft. Fig. 5 shows the
comparison of parameter estimation errors, which indicates
that the proposed method converges faster than the CE-
based method. The profiles of the control torque are given in
Fig. 6. It can be observed in Fig. 6 that the maximum torque
required by the CE-based algorithm is about three times that
of the proposed controller. Since tracking of the same time-

varying reference, the control torque of steady-state for both
methods are almost identical and remain time-varying.

6. Conclusion

In this paper, a dynamic-scaling-based non-certainty equiva-
lent adaptive control scheme has been presented to address
the leader-following attitude coordination problem with
unknown inertia parameters. The non-certainty equivalent
principle and dynamic scaling skill are used both in the dis-
tributed estimator and the distributed control law. The main
advantage of the proposed method is that it does not need
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of the proposed distributed control scheme. Compared with
the existing schemes based on CE, our method has better con-
vergence accuracy and faster convergence rate. Furthermore,
with an upper bound of dynamic-scaling factor, the control A.1 Proof of Lemma 1
process requires a smaller control torque to ensure the conver- ’
gence of attitude and angular velocity.

Appendix A

Substituting Eq. (14) to Eq. (13), we obtain
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és = —PsQT(f)Q(ws)és
= —ps0" (w5 + ) Q(ws)0s (61)
= —PSQT(wS)Q(ws)és - PSQT(C)Q((US)(;S
To eliminate the second items in Eq. (61), the dynamic scal-
ing skill is used again. Consider a scaled parameter estimation
error gg = (~9S/e\/m and then its derivative is given as

is0

2reVInrst \/ln rs+1

b —_ 05
s T /st

— (35 __ Fszs
eVInrst 2pgy /Inrg+1
= —ps0" (05)Q(ws)zs — ps0"(5) Q(s)zs — h(;ﬁ

(62)

Define a Lyapunov function

Vs = 5,510 (09)Q(0s)zs (63)

and then its time derivative is obtained as

V-'S = _z:gQT(wS)Q(wS)QT(wS)Q(wS)ZS
_szT< )Q(wS)QT(wS)Q(wS)ZS
_ngQT(ws)Q(ws)ZS (64)
< —1250" (05) Q(w5) 0" (w5) O(ws)zs
+ (”Q@”Z o ¢) 10(es)zsI

where the Young inequality has been employed. Let

is = psrsy/Inrs + 1]|0()|I° (65)

Replacing Eq. (65) in Eq. (64) yields

Vs <~ 57501 (05)0(05) 0" (03)Q(03)zs (66)

Since @y is a persistent excitation signal, the matrix Q(ws)
is row full rank. Therefore, there exist some positive constants
as such that Q" (ws)Q(ws) > ashy, and then Eq. (66) can be
rewritten as

Vis < =5 350" (@5) Qlws)zs = —as Vs (67)

Therefore, Q(ws)zs — 0 exponentially as ¢ — co. Similar as
the construction of Lyapunov-like function Eq. (45) of Theo-
rem 1| and the following deduction, we have rg, zs and ¢ which
are all bounded. Therefore,

HQ(U)S)éSH = [|Q(ws)rszs|| <

Fmax||Q(@s)zs|| — 0 as 1 — oco.
(68)
Theorem 2.5.3 in Ref.*® guarantees the existence of a posi-
tive definite diagonal matrix C = diag{c;, ¢, ..., ¢y} such

that H=CH-+H'C is positive definite.  Let
¢=max {c,c,.. cN} and be the smallest eigenvalue of H.

Let Vis=30"y +5,; L0Z0(ws)" O(ws)0s

U=3os P+ O L) 010 Qs ()

where P is a positive definite matrix such that

PE+E'P=—Lyand @ >2+ &N /vy.
By direct calculating, we have

U= —alldl ~{"(nH& L) - O% 1Q(ws)" Q(ws) bs]|” + (1)

(70)
where
N
o(1) =wg" O(ws) és+zcicz'%64(§i)
i=1 .
<3llslP +311Q(@s) B+ Y (34116117 + 51190 @ (eI
1;1
=Slel+ 311QCws)BsI+ 3 (3117 + £ ()
- N
=3lf"+101 Q) Bl + 3 (3517 + £
<3 0(0s) 05| +Z( [RE=1)
O(ws) 5| +3 111> + 52 I
(7)
In the derivation of Eq. (71), the identity

llgo © q(c;)|l = ||q(s;)|| implied by Lemma 2 is employed. Sub-
stituting (71) into (70) gives

U< ~alle|” = willZl ~ l|Q(ws) bs]|” +w( )

:—WHQIIZ—V1||C||2—WHQ(ws 9|| +5 H€||
—||Q(ws)05|| — HCII
< = llell* - IICH ——HQ(ws 0s|| —oyU (72)

for some oy > 0. Hence, it can be obtained that ||g||, ||¢|| and
[|Q(es)0sl| There-

fore, lim (s - s) & (1) = 1im Si(wo (1) + 6,(1)) = lim Q(es)0s-+
—00 1—00 —00

Sis(1)) = 0, lim (n,(1) — go(1)) = 0and lim (&(1) — (1)) =0

exponentially.

converge to zero exponentially.

A.2 Details of A; and A;

In this part, the detailed form of A; and A; will be given to com-
plete the controller derivation. For notational convenience, we

K; = (kl,' —+ OC,')/2'

é—p; = [Kix, Ki, Ki:]T and ;= (ky; +o;)/2 - & + 0; + k.
By applying Egs. (14), (16) and (18), A; can be obtained as

A= W(d) — W)

— T
define 0i =0 0= |:(\l/)i.\'7 &/)iw 0[: ’

- _wL(a,) — o) L(a;)

ki + o
——

+L [67 i+ e +el)w; + (5 + k2i)(j),-:|

- —d),-L(E),-) — & L(w) + L(Kfz),-) + u,-L(cE,-) (73)
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The details are given below:

- - - 4T
0 WMy _wiywix
—W;: 0, 0 WMy,
N N @0 — 0,0 0
o L() = g o -
—W;: Wiy wizwiy Wijx — wiywiy
wiywix Wi W — Wi Wiy _wiywiz
L Wi @iy — WM —W;x Wy, W@z
(74)
- - - 4T
0 WMy _wiywix
—W: 0y, 0 WMy,
Dy Oz — Wi W 0
o] L(o) = - _ _ _
— Wiy wizwiy Wi Wix — wiywiy
wiywix Wiz — Wi Wiy _wiywiz
_wiywiy — ;0 7wixwiy (OO .
(75)
r - - 9T
Kiy@;: — Kiz My, 0 0
0 KizWjy — KixWjz 0
= 0 0 K,’xwiy — KiyWix
Lk w;)= - - - -
KizMjxy — KixWjz Kjy®j; — Kiz Wy, 0
Kixwiy - Kiywix 0 Kiywiz - Kizwiy
L 0 fowiy - Kiy(uix KizWjx — KixWj; i
(76)
- 4T
Wiy 0 0
0 jy, 0
~ 0 0 o
L ((D,) = — - ‘ (77)
Wy Wiy 0
(U 0 Wiy
L O (07 wiy .

Since all elements of A; in Eqgs. (73)(77) can be written as
®i’0, where ® € R, A; can be given in a compact form as

- T
o; 03 03

A= | 05y E;)i 05, | K (78)

03,1 03, ;

where denotes the corresponding matrix. Then one has

o 0 0] [ 0 04

AiA;'r: 0351 E)i 0351 &i 0351 E)i 0351 (79)
051 051 o 051 05 o

with

A = KK' (80)

It can be concluded for the definition of 2-norm that
AATI = 1A < |Al]]lé — o] (81)

Thereby the detailed forms of A; and A; are given.
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