
Chinese Journal of Aeronautics, (2019), 32(3): 688–700
Chinese Society of Aeronautics and Astronautics
& Beihang University

Chinese Journal of Aeronautics

cja@buaa.edu.cn
www.sciencedirect.com
Adaptive control for attitude coordination

of leader-following rigid spacecraft systems

with inertia parameter uncertainties
* Corresponding author.

E-mail address: xhxue@mail.nwpu.edu.cn (X. XUE).

Peer review under responsibility of Editorial Committee of CJA.

Production and hosting by Elsevier

https://doi.org/10.1016/j.cja.2018.12.025
1000-9361 � 2019 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Xiaokui YUE a,b, Xianghong XUE a,b,*, Haowei WEN a,b, Jianping YUAN a,b
aNational Key Laboratory of Aerospace Flight Dynamics, Northwestern Polytechnical University, Xi’an 710072, China
bSchool of Astronautics, Northwestern Polytechnical University, Xi’an 710072, China
Received 9 January 2018; revised 16 March 2018; accepted 16 July 2018
Available online 8 January 2019
KEYWORDS

Adaptive control;

Attitude coordination;

Leader-following consensus;

Non-certainty equivalence;

Spacecraft formation flying
Abstract This paper studies the leader-following attitude coordination problems of multiple space-

craft in the presence of inertia parameter uncertainties. To achieve attitude coordination in the sit-

uation that even the leader’s attitude is only applicable to a part of the following spacecraft, a non-

linear attitude observer is proposed to obtain an accurate estimation of the leader’s attitude and

angular velocity for all the followers. In addition, a distributed control scheme based on non-

certainty equivalence principle is presented for multiple spacecraft’ attitude synchronization. With

a dynamic scaling, attitude consensus can be achieved asymptotically without any information of

the bounds of the uncertain inertia parameters. Furthermore, once the estimations of inertia param-

eters reach their ideal values, the estimation process will stop and the ideal value of inertia param-

eter will be held. This is a special advantage of parameter estimation method based on non-certainty

equivalence. Numerical simulations are presented to demonstrate that the proposed non-certainty

equivalence-based method requires smaller control toque and converges faster compared with the

certainty equivalence-based method.
� 2019 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Spacecraft formation flying has drawn extensive attention in
the last decade due to its higher flexibility and robustness,
greater efficiency and lower fuel consumption.1–4 Attitude
coordination has been expected to be a necessary and impor-

tant technology for many space missions, such as the CanX-
4&5 primarily supported by Canadian Space and the SUL-
FRO mission concept led by Chinese Academy of Sciences.5

Compared with the leaderless case studied in Ref.6, the
leader-following attitude coordination control is more chal-
lengeable since it not only ensures the consensus of the follow-

ers’ attitude, but also enables the followers’ attitude and
angular velocity to be in line with those of the leader.7,8 If there
is only one follower, the leader-following problem degenerates

into the attitude tracking problem of spacecraft.9,10
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According to how the followers access the leader’s states,
the methods for tackling leader-following problem can be clas-
sified into decentralized and distributed methods. The decen-

tralized control algorithms assume that the leader’s state is
accessible to every follower in the group.11–16 A passivity-
based controller for a group of spacecraft without inertial

frame information was developed in Ref.13. Meng et al.
designed two distributed containment control laws for attitude
consensus of spacecraft, including both static and dynamic

leaders.14 The result indicates that the attitude of the followers
will converge to the convex hull formed by all leaders. A non-
singular fast terminal sliding mode controller was proposed to
counteract the impact of external disturbances and actuator

failures in Ref.15 Attitude coordination with communication
delays, caused by the distance between satellites, was taken
into consideration in Ref. 16,17

In practice, it is more realistic that only a part of the follow-
ers can access the leader’s attitude. Several distributed control
laws have been presented to solve this problem in Ref.18–22 Ren

firstly studied distributed attitude synchronization of the
leader-following problem with attitudes represented by modi-
fied Rodriguez parameters.18 Cai and Huang proposed a dis-

tributed nonlinear estimation method of leader’s state for
followers under the assumption that the communication net-
work of the spacecraft systems is undirected and connected.19

This work was extended to the case without the measurements

of angular velocity by employing an angular velocity auxiliary
system in Ref.20 Zou et al. also studied the attitude coordina-
tion of the leader-following spacecraft systems without angular

velocity measurement under undirected communication graph
and proposed a finite-time observer to obtain the unmeasur-
able angular velocity of the leader.21 Du extended attitude con-

sensus of leader-following spacecraft systems to the situation
with both rigid and flexible spacecraft.22 However, all the
above literatures did not consider attitude coordination with

uncertain inertia parameters.
Uncertainties of the spacecraft, caused by fuel consump-

tion, appendage deployment and onboard payload transfor-
mation, are challenging to spacecraft attitude

synchronization. Attitude tracking for single spacecraft with
unknown inertia parameter has been investigated in
Ref.9,10,23–25 However, the development from attitude tracking

problem to leader-following problem is nontrivial, especially
when the leader’s information cannot be directly accessed by
all the followers. Several authors have studied the leader-

following attitude coordination problem associated with
parameter uncertainties.26–30 Wu et al. studied the attitude syn-
chronization and tracking problem of spacecraft with parame-
ter uncertainties.26,27 In these papers, the uncertainties were

assumed to be a known nominal part and an uncertain part.
A robust nonlinear controller for both relative position track-
ing and attitude synchronization with external disturbance and

model uncertainty was presented in Ref.28 However, initial val-
ues of the inertia parameters were regarded as known con-
stants. Recently, Cai and Huang proposed a distributed

control algorithm based on Certainty-Equivalence (CE) for
multiple spacecraft systems in the presence of inertia parame-
ter uncertainties.31 The authors later extended their research

to the condition with both uncertainties and external distur-
bances.32 Although the asymptotic convergence of the tracking
errors is easy to achieve in the existing literatures, the param-
eter estimation process is directly affected by tracking error
dynamics, which could result in bad transient performance.

The main aim of this paper is to provide a high-
performance solution for the problem of attitude coordina-
tion for leader-following spacecraft in the presence of inertia

parameter uncertainties. Unlike the CE-based approaches in
attitude consensus with uncertainties, a distributed control
law based on dynamic-scaling-based non-certainty equiva-

lence is proposed. By setting an upper bound for dynamic
scaling factor, the proposed method can not only make
the convergence rate of attitude coordination faster, but also
avoid the bad transient performance compared with CE-

based method. In addition, the asymptotic convergence of
tracking error under all the possible initial conditions is
guaranteed without considering the boundary information

of system uncertainties. Moreover, the distributed observer
proposed in Ref.20 is modified and applied to overcome
the difficulty that the leader’s attitude and angular velocity

are only accessible to a part of the followers. This dis-
tributed observer guarantees that the attitude estimation
made by the followers will converge to the leader’s attitude,

and then all the followers can track the estimation to
achieve attitude consensus with the leader.

The following of this paper is organized as follows. The
attitude dynamics of spacecraft and problem formulation are

briefly described in Section 2. Section 3 introduces a nonlinear
distributed observer. The controller is given and its stability
analysis is made in Section 4. Simulations are presented in Sec-

tion 5 to illustrate our results. Conclusions are given in
Section 6.

2. Preliminaries and problem formulation

2.1. Algebraic graph theory

In this subsection, algebraic graph theory is briefly introduced
to describe the communication networks among the leader-

following spacecraft system. A directed graph (or digraph) is
represented as G V Gð Þ;E Gð Þð Þ, in which V Gð Þ ¼ v1; v2; . . . vNf g
represents a vertex set, and E Gð Þ � V Gð Þ � V Gð Þ represents
an edge set of ordered pair of vertexes. The edge set consists

of elements of the form vi; vj
� �

if vertex vj can get some infor-

mation from vertex vi. An adjacency matrix

A Gð Þ ¼ aij
� � 2 RN�N of digraph G is defined as: if

vi; vj
� � 2 E Gð Þ, aij > 0, otherwise aij ¼ 0. With the adjacency

matrix A Gð Þ, the Laplacian matrix L Gð Þ ¼ lij
� � 2 RN�N of the

digraph G is given as: if i ¼ j, lij ¼
PN

j¼1aij, otherwise lij ¼ �aij.

In the leader-following spacecraft system, v1; v2; . . . vN repre-
sent the N followers and G represents the communicating rela-
tions between all following spacecraft. The leader is denoted

as v0 and the edges between the leader and all followers are
denoted as Elf. Then, the corresponding communication net-

works of leader-following spacecraft system can be represented

as �G V �G� �;E �G� �;A �G� �� �
in whichV �G� � ¼ V Gð Þ [ v0 is the vertex

set, E �G� � ¼ E Gð Þ [ Elf is the edge set and

A �G� � ¼ aij
� � 2 R Nþ1ð Þ� Nþ1ð Þ, i; j 2 0; 1; . . . ;Nf g is the adjacency

matrix of �G. The adjacency matrix between the leader and all
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following spacecraft is denoted by

B �G� � ¼ diag a10; . . . ; a10f g 2 RN�N, where ai0 > 0 if the i-th fol-

lower can access the state of the leader, otherwise ai0 ¼ 0. Since
there is no edge from the follower to the leader, a0i ¼ 0 for all

i ¼ 1; 2; . . . ;N. If not otherwise specified, matrix L Gð Þ and

B �G� � are abbreviated as L and B in the following sections

respectively.

Assumption 1. The communication digraph �G of leader-

following spacecraft system contains a spanning tree, in which

the leader spacecraft (v0 in �G) is the root.

Remark 1. Assumption 1 is the weakest condition to guaran-
tee the accessibility of the leader’s attitude information by all
the followers.
2.2. Problem formulation of attitude synchronization

Consider a system containing N rigid spacecraft with the fol-
lowing attitude dynamic equations:

_qi ¼ 1
2
qi � q xið Þ

Ji _xi ¼ �x�
i Jixi þ ui

i

�
¼ 1; 2; . . . ;N ð1Þ

where Ji 2 R3�3 is the symmetric and positive definite inertia
matrix of the i-th spacecraft. A quaternion

q ¼ �q; q̂½ �T 2 R� R3 is denoted as q 2 Q, and a unit quaternion

is denoted as q 2 Qu if it satisfies the constraint �q2 þ q̂Tq̂ ¼ 1.
qi 2 Qu is a unit quaternion describing the orientation of the
body frame Bi of the i-th spacecraft with respect to the inertial

frame; xi ¼ xix;xiy;xiz

� �T 2 R3 denotes the attitude velocity

of the body frame Bi of the i-th spacecraft relative to the iner-

tial frame I ; ui 2 R3 denotes the control torque of the i-th
spacecraft. The variable quantities xi; Ji; ui are all expressed

in Bi. The operator q �ð Þ converts a vector x 2 R3 to a quater-

nion q xð Þ � 0; xT½ �T 2 R� R3. The notation x� for

8x ¼ x1;x2;x3½ � 2 R3 represents the following skew symmet-

ric matrix x� ¼
0 �x3 x2

x3 0 �x1

�x2 x1 0

24 35.The operator � repre-

sents the quaternion product: for qi; qj 2 Q,

qi � qj ¼ �qi�qj � q̂Ti q̂j
�qiq̂j þ �qjq̂i þ q̂�i q̂j

� �
.

The reference attitude q0 of the leader is generated accord-
ing to the following system:

_q0 ¼ 1

2
q0 � q x0ð Þ ð2Þ

where q0 ¼ �q0; q̂0½ �T 2 Qu is an unit quaternion describing the
orientation of the body frame B0 of the leader spacecraft rela-

tive to inertial frame I , and x0 2 R3 represents attitude veloc-

ity of the body frame B0 of leader spacecraft with respect to the
inertial frame I . In particular, x0 is assumed as a bounded
function with bounded _x0 and €x0.

In view of Eqs. (1) and (2), the attitude tracking errors
between the ith spacecraft and the leader are given as

�i ¼ q�1
0 � qi

~xi ¼ xi � C �ið Þx0

�
ð3Þ
where �i 2 Qu and C �ið Þ ¼ ��2i � �̂Ti �̂i
� �

I3 þ 2�̂i�̂
T
i � 2��i�̂

�
i repre-

sent the unit quaternion attitude tracking error and direction
cosine matrix between frame Bi and B0, respectively;

I3 2 R3�3 denotes the identity matrix; ~xi represents the angular
velocity tracking error between xi and x0. From the definition
above, the attitude tracking error dynamics are obtained as

follows:

_�i ¼ 1
2
�i�q ~xið Þ

Ji _~xi ¼�x�
i JixiþJi ~x�

i C �ið Þx0

� ��C �ið Þ _x0þui:
ð4Þ

The purpose of this paper is to solve the following problem

associated with parameter uncertainties.

Problem 1. Given systems (1) and (2), under Assumption 1,

design a distributed control law such that, for all xi 0ð Þ 2 R3

and all qi 0ð Þ 2 Qu,

lim
t!1

�̂i tð Þ ¼ 0 lim
t!1

x̂i tð Þ ¼ 0; i ¼ 1; 2; . . . ;N:

Assumption 2. The leader’s angular velocity x0 tð Þ is generated
the same as19

_x0 ¼ Sx0 ð5Þ
where x0 2 R3; S 2 R3�3, and system (5) is assumed to be mar-
ginally stable.

Assumption 3. The leader’s angular velocity x0 tð Þ satisfies the
persistent excitation inequality29Z tþT0

t

x0 sð Þx0 sð ÞTds P ‘In 8t P t0 ð6Þ

for positive constants t0; T0 and ‘.

Remark 2. Assumption 2 implies that the leader’s angular
velocity x0 is bounded. Additionally, according to system
(2), q0 is bounded too. The model of similar form has been

widely used in Ref.19,20,30–32 However, these literatures all
assume that the matrix S is known to all followers to make
the follower be able to generate the same angular accelera-

tion as the leader. To remedy the unknown of matrix S,
an estimation of S is proposed based on Immersion &
Invariance (I&I) theory with Assumption 3. It is noted that

persistent excitation is widely used to ensure the convergence
of parameter.
2.3. Lemmas

To prove the main result in this paper, we need the following
lemmas:

Lemma 1. The matrix H ¼ Lþ B is positive stable if and only

if digraph �G contains a spanning tree with the leader spacecraft
as the root.33

Lemma 2. Let x1 2 Qu; x2 2 Q; x3 ¼ x1 � x2 and

x4 ¼ x2 � x1. Then xT
2x2 ¼ xT

3x3 ¼ xT
4 x4.

20

MichealXue

MichealXue

MichealXue

MichealXue
应该是四式中那两个参数
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3. Distributed observer

Since the attitude of the leader is not available to all the follow-
ing spacecraft, a distributed observer is proposed to estimate

the leader’s attitude for all other spacecraft. To estimate the
angular velocity and angular acceleration of the leader, we
define a dynamic compensator similar as19

_gi ¼ 1
2
gi � q nið Þ þ gdi

_ni ¼ Ŝini þ ndi

(
ð7Þ

where

gdi ¼ m1
XN
j¼0

aij gj � gi
� �

ndi ¼ m2
XN
j¼0

aij nj � ni
� �

8>>>>><>>>>>:
ð8Þ

and gi 2 Q, ni 2 R3, i ¼ 1; 2; . . . ;N represent the leader’s atti-

tude and angular velocity estimated by the i-th follower,
respectively; g0 ¼ q0, n0 ¼ x0, m1; m2 are positive real numbers,

and Ŝi denotes the estimation of S by the i-th spacecraft. Let

g ¼ gT1 ; g
T
2 ; . . . ; g

T
N

� �T
, n ¼ nT1 ; n

T
2 ; . . . ; n

T
N

� �T
, xS ¼ 1N 	 x0,

Ŝ ¼ diag Ŝ1; Ŝ2; . . . ; ŜN

n o
and �S ¼ IN 	 S, where 1N 2 RN

denotes the vector of all ones, and IN 2 RN�N denotes the iden-

tity matrix. In view of these definitions, Eqs. (5) and (7) can be
rewritten in a compact form as

_xS ¼ �SxS

_n ¼ Ŝn� m2L	 I3ð Þn� m2B	 I3ð Þ n� xSð Þ

(
ð9Þ

For i ¼ 1; 2; . . . ;N, let fi ¼ gi � q0, 1i ¼ ni � x0 denote the

attitude and angular velocity error between the leader and

the followers’ estimation, f ¼ fT1 ; f
T
2 ; . . . ; f

T
N

� �T
and

1 ¼ 1T1 ; 1
T
2 ; . . . ; 1

T
N

� �T
, and then, the time derivative of 1 is given

as

_1 ¼ � m2H	 I3ð Þ1þ Ŝn� �SxS

¼ � m2H	 I3ð Þ1þ Ŝn� ŜxS þ ŜxS � �SxS

¼ � m2H	 I3ð Þ1þ Ŝ1þ ~SxS

¼ Eyþ ~Sx0

ð10Þ

where E ¼ � m2H	 I3ð Þ þ Ŝ, ~S ¼ Ŝ� �S. By Lemma 1, under
Assumptions 1 and 2, H is positive definite and E is Hurwitz.

Since S is marginally stable, let

hS ¼ �S11;�S22;�S33;�S32;�S13;�S21½ �T denotes the ele-
ments of matrix S, and then it can be easily verified that

Sx ¼ Q xð ÞhS; x ¼ x1; x2; x3½ �T 2 R3, where

Q xð Þ ¼
�x1 0 0 0 �x3 x2

0 �x2 0 x3 0 �x1

0 0 �x3 �x2 x1 0

264
375

We denote �hS ¼ 1N 	 hS and ĥS ¼ ĥTS1 ; ĥ
T
S2
; . . . ; ĥTSN

h iT
. By

defining ĥS ¼ cS þ bS n;x0ð Þ as the estimation of �hS, the error

dynamics of ~hS ¼ ĥS � �hS can be written as
_ehS ¼ _̂
hS � _eh

¼ _cS þ _bS

¼ _cS þ @bS
@n

_nþ @bS
@xS

_xS

¼ _cS þ @bS
@n

_nþ @b
@xS

SxS

ð11Þ

Let cS be assigned as

_cS ¼ � @bS

@n
_nþ @bS

@xS

ŜxS ð12Þ

and thus, the dynamics of the estimation error ~hS is further

reduced to

_ehS ¼ � @bS

@xS

Ŝ� �S
	 


xS ¼ � @bS

@xS

�Q xSð ÞehS ð13Þ

where �Q x0ð Þ ¼ IN 	Q x0ð Þ½ �. However, �Q x0ð Þ in Eq. (12) may
not be a Jacobian matrix, and the analytical solution of

@bS=@xS ¼ qS
�Q xSð Þ cannot be obtained directly.

Next, we define the estimation bS as

bS ¼ qS q̂T1 ; q̂
T
2 ; . . . ; q̂

T
N

� �T ð14Þ

where

q̂i ¼ Q1 nið ÞxS 3i� 2ð Þ þQ2 nið ÞxS 3i� 1ð Þ þQ3 nið ÞxS 3ið Þ 2 R6;

i ¼ 1; . . . ;N

and Q1 nið Þ;Q1 nið Þ;Q1 nið Þ 2 R6 are the column vectors of

QT nið Þ.

Lemma 3. Considering systems (2) and (5), and the estima-

tions given in Eqs. (7), (11), (12) and (14) with Assumptions 1–

3, if m1; m2 > 0, q0 0ð Þ 2 Qu, x0 0ð Þ 2 R3, gi 0ð Þ 2 Q, ni 0ð Þ 2 R3,

then gi tð Þ and ni tð Þ exist, are bounded for all t > 0, and satisfy

lim
t!1 Ŝini tð Þ � Sni tð Þ

	 

¼ 0, lim

t!1 gi tð Þ � q0 tð Þð Þ ¼ 0 and

lim
t!1 n̂i tð Þ � x0 tð Þ

	 

¼ 0 exponentially for all i ¼ 1; 2 . . . ;N.

Remark 3. Assumption 1 is the premise of the establishment of

Lemma 3 and it ensures that all the followers can access the
leader’s state. Then, the followers can utilize the distributed
observer given in Eq. (7) to estimate the leader’s attitude,

angular velocity and angular acceleration. Lemma 3 indicates
that the estimation gi and ni will converge to the leader’s atti-
tude q0 and angular velocity x0, respectively. In addition,
Remark 1 shows that q0 and x0 are bounded and then gi
and ni are also bounded.

Since the leader’s state might not be accessible to all the fol-

lowers, the error Eqs. (3) and (4) cannot be employed directly.
Instead, for each follower, the error signal is defined as20,31

ei ¼ g
i � qi

�xi ¼ xi � C eið Þni þ k1iêi

�
ð15Þ

where k1i > 0 denotes a control gain, ei 2 Q is the attitude

error, �xi 2 R3 is the angular velocity error, and

C eið Þ ¼ �e2i � êTi êi
� �

Iþ 2êiê
T
i � 2�eiê

�
i denotes the corresponding

rotation matrix. Differentiating Eq. (15) leads to the following
error system:
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_ei ¼ 1
2
ei�q �xi�k1iêið Þþ e1i

Ji _�xi ¼�x�
i Jixi

þJi �xi�k1iêið Þ�pi�pdiþ 1
2
k1i ê

�
i þ �eiI3

� �
�xi�k1iêið Þ� �þ e2iþui

ð16Þ
where pi ¼ C eið Þni; pdi ¼ C eið ÞŜini and

e1i ¼ 1
2
eTi ei � 1
� �

q nið Þ � ei þ g
di � qi

e2i ¼ �Ji e3ini þ C eið Þndi � k1iê1i þ C eið Þ~Sini
� �

e3i ¼ 2�ei�e1iI3 � 2êTi ê1iI3 þ 2ê1iê
T
i þ 2êiê

T
i � 2�ediê

�
i � 2�ei ê

�
1i

ð17Þ
Remark 4. Eq. (4) represents the real errors between the

followers’ attitude and that of the leader; however, Eq. (16)
represents the errors between the followers’ attitude and the
estimated attitude of the leader by the i-th follower. Lemma 2

ensures that the estimated attitude of the leader by the
followers is convergent to the leader’s attitude. Therefore, the
convergence of system (16) guarantees the convergence of

system (4). In addition, Lemma 3 indicates ~Sini ! 0 exponen-
tially as t ! 1, and then by Remark 3.2 in Ref.20,

e1i; e2i; e3i ! 0 exponentially as t ! 1.
4. Dynamic-scaling-based non-certainty equivalent controller

4.1. Distributed controller design

To deal with the unknown inertia matrix

Ji ¼

Ji11 Ji12 Ji13

Ji12 Ji22 Ji23

Ji13 Ji23 Ji33

266664
377775 ð18Þ

a model parameter vector is defined as

hi ¼ Ji11; Ji22; Ji33; Ji12; Ji13; Ji23½ �T. Then it can be
easily verified that

Jix ¼ L xð Þhi ð19Þ
where

L xð Þ ¼

x1 0 0 x2 x3 0

0 x2 0 x1 0 x3

0 0 x3 0 x1 x2

26664
37775 ð20Þ

For the system defined in Eq. (16), the corresponding

parameter estimation ĥi of hi is given by

ĥi ¼ bi Ui;xið Þ þ ci ð21Þ
where bi and ci are two functions to be specified, and Ui

denotes the measurable or obtainable signals that are indepen-
dent of xi. Therefore, the parameter estimate error becomes

~hi ¼ bi Ui;xið Þ þ ci � hi ð22Þ
Consequently, the dynamics of the parameter estimation

error can be obtained by substituting Eq. (1) into the time
derivative of Eq. (22) to yield the following:
_~hi ¼
Xn
j¼1

@bi
@Uij

_Uij þ @bi
@xi

_xi þ _ci

¼
Xn
j¼1

@bi
@Uij

_Uij þ @bi
@xi

J�1
i �x�

i Jixi þ ui
� �þ _ci:

ð23Þ

where denotes the j-th element of Ui.

Consider a regression matrix Wi 2 R3�6; i ¼ 1; 2; . . . ;N

Wi ¼ �x�
i L xið Þ þ L �xi � k1iêið Þ�pi � pdi½

þ k1i
2

ê�i þ �eiI3
� �

�xi � k1iêið Þ þ di �xi þ uiêi þ k2i �xi þ aiêið Þ

þ ai
2

ê�i þ �eiI3
� �

�xi

i
ð24Þ

where di; ui; ai; i ¼ 1; 2; . . . ;N are positive constants; k2i 2 R

denotes a dynamic control gain to be determined. Hence, the

time derivative of ~hi can be written as

_~hi ¼ _ci þ
Xn
j¼1

@bi

@Uij

_Uij þ @bi

@xi

J�1
i Wihi þ uið Þ

þ @bi

@xi

�xi � k1iêið Þ�pi � pdi þ
k1i
2

ê�i þ �eiI3
� �

�xi � k1iêið Þ
�

þdi �xi þ uiêi þ k2i �xi þ aiêið Þ þ ai
2

ê�i þ �eiI3
� �

�xi

i
ð25Þ

Let ci and the control input ui be assigned as

_ci ¼�
Xn
j¼1

@bi

@Uij

_Uij þ @bi

@xi

�xi � k1iêið Þ�pi � pdi½

þ k1i
2

ê�i þ �eiI3
� �

�xi � k1iêið Þ þ di �xi þ uiêi þ k2i �xi þ aiêið Þ

þ ai
2

ê�i þ �eiI3
� �

�xi

i
ð26Þ

ui ¼ �Wi ci þ bið Þ ð27Þ
Substitute Eqs. (26) and (27) into Eq. (25), and the time

derivative of the parameter estimate error is simplified as

_~hi ¼ � @bi

@xi

J�1
i Wi

~hi: ð28Þ

As in Ref.34, an ‘‘approximate” solution bi can be generated

as

bi ¼ qi Wi1 x̂ið Þxix þWi1 x̂ið Þxiy þWi1 x̂ið Þxiz

� � ð29Þ
where qi is a constant real number, Wi x̂ið Þ is the regression

matrix in Eq. (24) where x̂i is replaced by x̂i,

Wi1 x̂ið Þ; Wi2 x̂ið Þ; Wi3 x̂ið Þ 2 R6�1 are the column vectors of

WT
i x̂ið Þ, and the estimated angular velocity x̂i is defined as

_̂xi ¼ � di �xi þ uiêi þ k2i �xi þ aiêið Þ þ ai
2

ê�i þ �eiI3
� �

�xi

h i
� �xi � k1iêið Þ�pi � pdi þ

k1i
2

ê�i þ �eiI3
� �

�xi � k1iêið Þ
� �

� wi x̂i � xið Þ
ð30Þ

where wi 2 R is a dynamic observer gain to be determined.

Then partial derivative @bi=@xi can be obtained as

@bi

@xi

¼ qiWi x̂ið Þ ¼ qi Wi þ Dið Þ ð31Þ

with

Di ¼ Wi x̂ið Þ �Wi: ð32Þ

MichealXue

MichealXue

MichealXue
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From the illustration in Appendix, the following inequality
holds between Di and the observation error x̂i � xi

jjDijj2 6 jj�Dijjjjx̂i � xijj2 ð33Þ
The details of Di and �Di are given in Appendix A.2.
Substitute Eq. (31) into Eq. (28), and the time derivative of

the parameter estimate error becomes

_~hi ¼ qi Wi þ Dið ÞTJ�1
i Wihi þ uið Þ ð34Þ

By applying Eqs. (24) and (27), Eq. (16) can be further
derived as

Ji _�xi¼�Wi
~hi�Ji di �xiþuiêiþk2i �xiþaiêið Þþai

2
ê�i þ�eiI3
� �

�xi

h i
þe2i:

ð35Þ
Remark 5. In Eq. (34), the dynamics of ~hi is directly related to
~hi, which is different to the parameter estimation scheme given

in Ref.20,31 based on CE principle. Therefore,
_~h � 0 holds

when ~h ¼ 0, i.e., once the estimation ĥi reaches the value of hi,
the estimation process will stop and the ideal values of inertia
parameter will be held.
4.2. Dynamic scaling

Since the inertial matrix Ji is unknown, the minimum eigen-
value of the matrix cannot be used in controller. To overcome
this difficulty, a scaled estimate error is defined as

zi ¼
exp 1=2k2i þ 1=2

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
=ki

� � � ~hiffiffiffiffi
ki

p ð36Þ

where ki > 0 is the minimum eigenvalue of Ji. The scaling fac-
tor is defined by the following differential equations:

_ri tð Þ ¼ qiri tð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnri tð Þ þ 1

p jjDi tð Þjj2
ri 0ð Þ ¼ 1

(
ð37Þ

From Eq. (37), it can be obtained that ri tð Þ P 1 holds for

all t P 0. By differentiating Eq. (36) and using Eqs. (34) and
(37), it follows that

_zi ¼ �qiW
T
i J

�1
i Wizi � qiD

T
i J

�1
i Wizi � _ri

2kiri
ffiffiffiffiffiffiffiffiffiffi
ln riþ1

p zi

¼ �qiW
T
i J

�1
i Wizi � qiD

T
i J

�1
i Wizi � qi jjDi tð Þjj2

2ki
zi

ð38Þ

Consider a Lyapunov function

Vz ¼ 1

2qi

XN
i¼1

zTi zi ð39Þ

With Eq. (38), its derivative with respect to time is obtained
as

_Vz ¼
XN
i¼1

�zTi W
T
i J

�1
i Wizi � zTi D

T
i J

�1
i Wizi � jjDi jj2

2ki
zTi zi

h i
6
XN
i¼1

� ki
2
jjJ�1

i Wizijj2 � jjzi jj2
ki

jjDijj2 � jjDijj2
	 
h i

6 � kmin

2

XN
i¼1

jjJ�1
i Wizijj2

ð40Þ
where

kmin ¼ min ki; i 2 1; 2; � � � ;Nð Þf g: ð41Þ
Since Ji is positive definite, kmin is positive too. It can be

concluded that _Vz 6 0, and then, J�1
i Wizi and zi are bounded.

4.3. Stability analysis
Theorem 1. Given systems (1), (2) and (5) with unknown
inertia matrix Ji, using the control law (27), the parameter
estimation in Eqs. (7), (11), (12), (14), (25), (26) and (29) with

the dynamic gains k2i and wi are defined as

k2i ¼ 1

2
ri ð42Þ

wi ¼
1

2
ri þ k3i

2
jj�Dijj þ k4i ð43Þ

where k3i; k4i; i ¼ 1; 2; . . . ;N are positive constants. Then, the

parameter estimation error ~h is bounded, x̂i tð Þ � xi tð Þ will
converge to zero, and Problem 1 is solvable.

Proof. Utilizing Eqs. (1), (24) and (30), the time derivative of

x̂i tð Þ � xi tð Þ can be obtained as
_̂xi� _xi ¼� �x�
i pi�pdiþ diþk2ið Þ�xiþ aik2iþ/ið Þêiþ ai

2
ê�i �xiþ�eixe

� �� �
�wi x̂i�xið Þ�J�1

i �x�
i Jixiþui

� �
¼J�1

i Wi
~hi�wi x̂i�xið Þ

ð44Þ
Now, consider a Lyapunov-like function

V1 ¼ 1

2

XN
i¼1

x̂i � xið ÞT x̂i � xið Þ þ
XN
i¼1

k3i
qi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
ð45Þ

Since ri 0ð Þ P 1 due to Eq. (37), V1 is positive definite.
Using Eq. (33), Eq. (43) and the inequality

exp
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
=ki

	 

6 exp 1=2k2i þ ln ri þ 1=2

� �
6 exp 1=2k2i þ 1=2

� � ffiffiffi
ri

p ð46Þ
the time derivative of V1 is obtained as

_V1 ¼
XN
i¼1

ffiffiffiffi
ki

p � exp
ffiffiffiffiffiffiffiffiffi
lnriþ1

p
=ki

� �
exp 1=2k2i þ1=2ð Þ x̂i�xið ÞTJ�1

i Wizi�wijjx̂i�xijj2
� 


þ
XN
i¼1

k3i
qi
� _ri

2ri
ffiffiffiffiffiffiffiffiffi
lnriþ1

p

6
XN
i¼1

1
2

exp
ffiffiffiffiffiffiffiffiffi
lnriþ1

p
=ki

� �
exp 1=2k2i þ1=2ð Þ

� �2
jjx̂i�xijj2þ ki

2
jjJ�1

i Wizijj2�wijjx̂i�xijj2
 !

þ
XN
i¼1

k3i
2
D2

i

6
XN
i¼1

1
2
ri�wiþ k3i jj�Di jj

2

	 

jjx̂i�xijj2þ kmax

2

XN
i¼1

jjJ�1
i Wizijj2

6�
XN
i¼1

k4ijjx̂i�xijj2þ kmax

2

XN
i¼1

jjJ�1
i Wizijj2

ð47Þ
where kmax ¼ max ki; i 2 1; 2; � � � ; Nð Þf g.
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Next, consider another Lyapunov-like function

V2 ¼ V1 þ kmax

kmin

Vz ð48Þ

Taking the time derivative of Eq. (48) yields

_V2 ¼ _V1 þ kmax

kmin

_Vz

6 �
XN
i¼1

k4ijjx̂i � xijj2 þ kmax

2

XN
i¼1

jjJ�1
i Wizijj2

� kmax

kmin

kmin

2

XN
i¼1

jjJ�1
i Wizijj2

6 �
XN
i¼1

k4ijjx̂i � xijj2

ð49Þ

Eq. (49) indicates that x̂i � xi, zi and ri are all bounded,

and then Eq. (36) ensures that ~hi is also bounded.
Finally, to show the convergence of tracking errors, we con-

sider the following Lyapunov function:

V3¼1

2

XN
i¼1

�xiþaiêið ÞT �xiþaiêið Þþ aidiþuið Þ �ei�1ð Þ2þ êTi êi

	 
h i
þkmax

kmin

Vz

ð50Þ
Taking the derivative of V3 in Eq. (50) and using Eqs. (35),

(42) and (46), we can obtain
_V3 ¼
XN
i¼1

�xi þ aiêið ÞT �J�1
i Wi

~hi � k2i �xi þ aiêið Þ� �� dijj�xijj2 þ aiuijjêijj2
	 


þ e4i
h i

þ kmax

kmin

_Vz

6
XN
i¼1

r
2
� k2i

� �jj�xi þ aiêijj2 þ kmax

2
jjJ�1

i Wizijj2 � dijj�xijj2 � aiuijjêijj2 þ e4i
h i

� kmax

2

XN
i¼1

jjJ�1
i Wizijj2

6
XN
i¼1

�dijj�xijj2 � aiuijjêijj2 þ e4i
h i

ð51Þ
where

e4i ¼ �xi þ aiêið ÞT e2i þ ê1ið Þ
þ 2 aidi þ uið Þ �ei � 1ð Þ�e1i �xi þ êTi ê1i

� �� � ð52Þ

By Remark 4, ê1i; e2i; e3i ! 0 exponentially as t ! 1, then

e4i ! 0 exponentially as t ! 1. Let F tð Þ ¼PN
i¼1e4i and

V4 tð Þ ¼ V3 tð Þ � R t

0
F sð Þds, and it follows that F tð Þ ! 0 as

t ! 1. Therefore,
R1
0

F sð Þds exists and
R t

0
F sð Þds is bounded

for all t P 0. Then Eq. (51) ensures that V3 tð Þ is lower

bounded and leads to _V4 6
PN

i¼1 �dijj�x2
i � aiuijjêijj2

h i
6 0.

Thus V3 and hence V2 are both bounded above. Therefore, it
can be concluded that �xi, ê and �e are all bounded.

Via Eq. (16), it is obtained that _�xi and _ei are bounded, and

then Eq. (50) ensures that €V3 is bounded too. According to

Barbalat’s lemma, _V2 and hence _�xi and _̂e will converge to zero
as t ! 1. With Eq. (35), one has lim
t!1

Wi
~hi ¼ 0, lim

t!1
�xi ¼ 0,

and lim
t!1

êi ¼ 0. By Remark 3.3 in Ref.20, we obtain that

lim
t!1

~xi ¼ 0 and lim
t!1

�̂i ¼ 0.

Since xi, �xi and ê are bounded,Wi and Di are bounded with
Eqs. (24) and (32). By Eq. (37), _ri is bounded and then by Eqs.

(38) and (44), _zi and _̂xi � _xi are bounded too. Thus €V1 is

bounded and using Barbalat’s lemma again one has

lim
t!1

_V1 ¼ 0 and hence lim
t!1

_̂xi � _xi ¼ 0. Therefore,

lim
t!1

x̂i � xi ¼ 0 according to Eq. (44). The proof is completed.

Remark 6. Although the external disturbance is not consid-
ered in Eq. (1), r-modification can be employed to ensure the
attitude tracking and parameter estimation errors against

bounded external disturbance. Considering a bounded external

disturbance di tð Þ 2 R3, is added to the right-hand side of Eq.

(1), where dmax is a positive constant. Add a leakage term
�qiri bi þ cið Þ to the right-hand side of Eq. (18), where ri is a

positive constant, and then the dynamics of ~h is given by

_~hi ¼ �qi Wi þ Dið ÞTJ�1
i Wi

~hi � qiri
~hi þ hi
� �

þ qi Wi þ Dið ÞTJ�1
i di ð53Þ

Consider the same Lyapunov function Vz in Eq. (39) with

the same dynamic scaling mechanism in Eq. (36), the time-
derivative of Vz becomes
_Vz¼�
XN
i¼1

zTi W
T
i J

�1
i Wizi�zTi D

T
i J

�1
i Wizi� _ri

2qikiri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnriþ1

p zTi zi

� �

þ
XN
i¼1

zTi WiþDið ÞTJ�1
i d

^

i�rijjzijj2þriz
T
i h
^

i

h i
ð54Þ

where

h
^

i ¼
exp 1=2k2i þ 1=2

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
=ki

� � � ~hiffiffiffiffi
ki

p ; d
^

i ¼
exp 1=2k2i þ 1=2

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
=ki

� � � diffiffiffiffi
ki

p

Let us define the scaling factor with the following
derivative:

_ri ¼ 3qiri
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
jjDijj2 � k5i ri � ri 0ð Þ½ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln ri þ 1

p
ð55Þ

where k5i is a positive constant. Then _Vz becomes



Fig. 1 Communication digraph �G.

Fig. 2 Norm of angular acceleration errors jjŜin tð Þ � Sx0 tð Þjj .
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_Vz6�
XN
i¼1

ki
2
jjJ�1

i Wizijj2� ri

2
� k5i

2ki

� 

jjzijj2þ rijjh

^

ijj2
2

þ3jjd
^

ijj2
2ki

 !" #
ð56Þ

Eq. (55) ensures ri P ri 0ð Þ P 1. Hence, the following
inequalities are established by utilizing exp xð Þ > x:

h
^

i 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki �exp 1=k2i þ1ð Þ

ln ri 0ð Þþ1

r
� hi

d
^

i 6
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ki �exp 1=k2i þ1ð Þ

ln ri 0ð Þþ1

r
� di

ð57Þ

which indicate that h
^

i and d
^

i are bounded. Therefore,

_Vz 6�
XN
i¼1

ki
2
J�1
i Wizijj2 � ri

2
� k5i
2ki

� 

jjzijj2

�

þ ki � exp 1=k2i þ 1
� �

ln ri 0ð Þ þ 1
� rijjhijj2

2
þ 3d2max

2ki

 !#
ð58Þ

Let ri > k5i=ki, and then the boundedness of zi can be
obtained according to the second term on the right-hand side
of Eq. (58). Following the same design process in the proof

of Theorem 1, if we chose the constant k3i satisfying
k3i > 1=2, the observation error x̂i � xi will be ultimately
attracted to the set:

S1i ¼ x̂i � xið Þ : jjx̂i � xijjf

6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2max

2k2i k3i � 1=2ð Þ þ
exp 1=k2i þ 1

� �
ln ri 0ð Þ þ 1

� kirijjhijj2 þ 3d2max

2 k3i � 1=2ð Þ

s )
ð59Þ

Similarly, if /i > ai=2 and di > 1=2, the attitude tracking
errors êi and �xi will also be attracted to the set:

S2i¼ êi; �xið Þ :
jjêijj6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2max

k2i ai /i�ai=2ð Þþ
exp 1=k2i þ1ð Þ
lnri 0ð Þþ1

� kiri hik k2þ3d2max

2ai /i�ai=2ð Þ

r
jj�xijj6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2max

k2i di�1=2ð Þþexp 1=k2i þ1
� � � kiri hik k2þ3d2max

2ki di�1=2ð Þ

r
9>>>=>>>;

8>>><>>>:
ð60Þ

Therefore, in view of Eqs. (55), (59) and (60), Di and ri are
bounded. In addition, the size of S1i and S2i can be made arbi-
trarily small by increasing the constants k3i, /i and di. More-

over, if the external disturbance is slowly time-varying, it can
be handled as unknown constant parameters, which will lead
to the asymptotic convergence of x̂i � xi, êi and �xi.

5. Simulation

Consider a leader-following spacecraft system, the followers’

attitude dynamics are described in Eq. (1) with the following
inertia parameters:

h1 ¼ 1:2; 3:5; 4:7; 0; 0; 0½ �T
h2 ¼ 1:3; 3:4; 5:2; 0; 0; 0½ �T
h3 ¼ 1:9; 2:1; 3:5; 0; 0; 0½ �T
h4 ¼ 2:1; 5:1; 7:1; 0; 0; 0½ �T

The leader’s angular velocity x0 is generated by Eq. (5) with
the following matrix:
S ¼
0 �1 0

�1 0 0

0 0 0

264
375:

The simulation is conducted with the following initial con-

ditions: x0 0ð Þ ¼ 2; 1; 1½ �T, xi 0ð Þ ¼ 0; 0; 0½ �T,
ni 0ð Þ ¼ 0; 0; 0½ �T, gi 0ð Þ ¼ 0; 0; 0; 1½ �T and

hi 0ð Þ ¼ 0; 0; 0; 0; 0; 0½ �T for i ¼ 1; 2; 3; 4. The initial attitudes

of spacecraft are given as q0 0ð Þ ¼ 1; 0; 0; 0½ �T,
q1 0ð Þ ¼ cos p=8ð Þ; 0; 0; � sin p=8ð Þ½ �T, q2 0ð Þ ¼ cos p=6ð Þ;½
0; 0; � sin p=6ð Þ�T, q3 0ð Þ ¼ cos p=4ð Þ; 0; 0; � sin p=4ð Þ½ �T and

q4 0ð Þ ¼ cos p=3ð Þ; 0; 0; � sin p=3ð Þ½ �T. In addition, the control

gains are defined as m1 ¼ 20, m2 ¼ 20, k1i ¼ 10, k3i ¼ 2,

ai ¼ 5, di ¼ 0:5, ui ¼ 10, qi ¼ 0:1, k4i ¼ 10�6 and ri 0ð Þ ¼ 1.
The results based on CE in Ref.31 are selected as the control
group, in which the control gain is given as k1 ¼ 10 and

k2 ¼ 10.

The communication graph �G is shown in Fig. 1 and the cor-

responding adjacency matrix is

A �G� � ¼
0 0 0 0 0

1 0 0 0 0

1 0 0 0 0

0 1 0 0 0

0 1 1 0 0

26666664

37777775
Simulation results of four followers are presented in Figs. 2–

6. To simplify the figures, the norm of errors is used to replace
the errors in these figures. Fig. 2 shows that the angular veloc-
ity error decays to zero, which indicates that the estimation

angular acceleration Ŝini tð Þ ultimately coincides with the prac-

tical angular acceleration Sx0 tð Þ. The attitude and angular
i 2



Fig. 3 Norm of attitude tracking errors jjq�1
0 � qijj2.

Fig. 4 Norm of angular velocity tracking errors jjxi � C �ið Þx0jj2.
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velocity tracking errors of the four followers relative to the lea-
der are compared in Figs. 3 and 4, respectively. The results

show that the errors of the attitude and angular velocity all
converge to zero under both control schemes, while the conver-
gence rate of the proposed method is obviously faster than that

of the CE-based method for all the spacecraft. Fig. 5 shows the
comparison of parameter estimation errors, which indicates
that the proposed method converges faster than the CE-

based method. The profiles of the control torque are given in
Fig. 6. It can be observed in Fig. 6 that the maximum torque
required by the CE-based algorithm is about three times that
of the proposed controller. Since tracking of the same time-
varying reference, the control torque of steady-state for both
methods are almost identical and remain time-varying.

6. Conclusion

In this paper, a dynamic-scaling-based non-certainty equiva-

lent adaptive control scheme has been presented to address
the leader-following attitude coordination problem with
unknown inertia parameters. The non-certainty equivalent

principle and dynamic scaling skill are used both in the dis-
tributed estimator and the distributed control law. The main
advantage of the proposed method is that it does not need



Fig. 5 Norm estimation errors jjĥi � hijj2.

Fig. 6 Norm of control torque jjl̂ijj2.
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the boundary of inertia parameter matrix. In addition, the fol-
lowers can track the attitude of the leader without any infor-
mation of the leader by the proposed distributed estimation.

The numerical simulations have illustrated the effectiveness
of the proposed distributed control scheme. Compared with
the existing schemes based on CE, our method has better con-
vergence accuracy and faster convergence rate. Furthermore,

with an upper bound of dynamic-scaling factor, the control
process requires a smaller control torque to ensure the conver-
gence of attitude and angular velocity.
Acknowledgements

This paper was supported by the National Natural Science
Foundation of China (Nos. 11402200,11502203).

Appendix A

A.1 Proof of Lemma 1

Substituting Eq. (14) to Eq. (13), we obtain
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_~hS ¼ �qS
�QT nð Þ�Q xSð Þ~hS

¼ �qS
�QT xS þ 1ð Þ�Q xSð Þ~hS

¼ �qS
�QT xSð Þ�Q xSð Þ~hS � qS

�QT 1ð Þ�Q xSð Þ~hS
ð61Þ

To eliminate the second items in Eq. (61), the dynamic scal-

ing skill is used again. Consider a scaled parameter estimation

error zS ¼ ~hS=e
ffiffiffiffiffiffiffiffiffiffi
ln rSþ1

p
and then its derivative is given as

_zS ¼ _~hS

e
ffiffiffiffiffiffiffiffiffi
ln rSþ1

p � _rS~h

2re
ffiffiffiffiffiffiffiffiffi
ln rSþ1

p ffiffiffiffiffiffiffiffiffiffi
ln rSþ1

p

¼ _~hS

e
ffiffiffiffiffiffiffiffiffi
ln rSþ1

p � _rSzS

2rS
ffiffiffiffiffiffiffiffiffiffi
ln rSþ1

p

¼ �qS
�QT xSð Þ�Q xSð ÞzS � qS

�QT 1ð Þ�Q xSð ÞzS � _rSzS

2rS
ffiffiffiffiffiffiffiffiffiffi
ln rSþ1

p

ð62Þ
Define a Lyapunov function

VzS ¼ 1

2qS

zTS
�QT xSð Þ�Q xSð ÞzS ð63Þ

and then its time derivative is obtained as

_VzS ¼ �zTS
�QT xSð Þ�Q xSð Þ�QT xSð Þ�Q xSð ÞzS

�zTS
�QT 1ð Þ�Q xSð Þ�QT xSð Þ�Q xSð ÞzS

� _rS

2qSrS
ffiffiffiffiffiffiffiffiffiffi
ln rSþ1

p zTS
�QT xSð Þ�Q xSð ÞzS

6 � 1
2
zTS

�QT xSð Þ�Q xSð Þ�QT xSð Þ�Q xSð ÞzS

þ jj�Q 1ð Þjj2
2

� _rS

2qSrS
ffiffiffiffiffiffiffiffiffiffi
ln rSþ1

p
� 


jj�Q xSð ÞzSjj2

ð64Þ

where the Young inequality has been employed. Let

_rS ¼ qSrS
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln rS þ 1

p
jj �Q 1ð Þjj2 ð65Þ

Replacing Eq. (65) in Eq. (64) yields

_VzS 6 � 1

2
zTS

�QT xSð Þ�Q xSð Þ�QT xSð Þ�Q xSð ÞzS ð66Þ

Since x0 is a persistent excitation signal, the matrix �Q xSð Þ
is row full rank. Therefore, there exist some positive constants

aS such that �QT xSð Þ�Q xSð Þ > aSI3N, and then Eq. (66) can be
rewritten as

_VzS 6 � aS
2
zTS

�QT xSð Þ�Q xSð ÞzS ¼ �aSVzS ð67Þ

Therefore, �Q xSð ÞzS ! 0 exponentially as t ! 1. Similar as
the construction of Lyapunov-like function Eq. (45) of Theo-

rem 1 and the following deduction, we have rS, zS and 1 which
are all bounded. Therefore,

jj�Q xSð Þ~hSjj ¼ jj�Q xSð ÞrSzSjj 6 rmaxjj�Q xSð ÞzSjj ! 0 as t ! 1:

ð68Þ
Theorem 2.5.3 in Ref.35 guarantees the existence of a posi-

tive definite diagonal matrix C ¼ diag c1; c2; . . . ; cNf g such

that �H ¼ CHþHTC is positive definite. Let

�c ¼ max c1; c2; . . . ; cNf g and be the smallest eigenvalue of �H.

Let V1S ¼ 1
2
yTyþ 1

2aS
~hTS

�Q xSð ÞT �Q xSð Þ~hS

U ¼ 1

2
-1TP1þ fT C	 I4ð Þfþ 1

2aS
~hTS

�Q xSð ÞT �Q xSð Þ~hS ð69Þ
where P is a positive definite matrix such that

PEþ ETP ¼ �I3N and �- > 2þ �c2N2=m1c.
By direct calculating, we have

_U ¼ �-jj1jj2 � fT m1 �H	 I4ð Þf� -
aS

jj�Q xSð ÞT �Q xSð Þ ~hSjj2 þ x tð Þ
ð70Þ

where

x tð Þ ¼-1T �Q xSð Þ~hSþ
XN
i¼1

cifiq0�q 1ið Þ

6 -
2
jj1jj2þ-

2
jj�Q xSð Þ~hSjj2þ

XN
i¼1

m1
2N
jjfijj2þ c2

i
N

2m1
jjq0�q 1ið Þjj2

	 

¼ -

2
jj1jj2þ-

2
jj�Q xSð Þ~hSjj2þ

XN
i¼1

m1
2N
jjfijj2þ c2

i
N

2m1
jjq 1ið Þjj2

	 

¼ -

2
jj1jj2þ 1

2
-jj�Q xSð Þ~hSjj2þ

XN
i¼1

m1
2N
jjfijj2þ c2

i
N

2m1
jj1ijj2

	 

6 -

2
jj1jj2þ-

2
jj�Q xSð Þ~hSjj2þ

XN
i¼1

m1
2N
jjfjj2þ �c2N

2m1
jj1jj2

	 

¼ -

2
jj1jj2þ-

2
jj�Q xSð Þ~hSjj2þ m1

2
jjfjj2þ �c2N2

2m1
jj1jj2

ð71Þ
In the derivation of Eq. (71), the identity

kq0 � q 1ið Þk ¼ kq 1ið Þk implied by Lemma 2 is employed. Sub-
stituting (71) into (70) gives

_U 6 �-jj1jj2 � m1jjfjj2 � jj�Q xSð Þ ~hSjj2 þ x tð Þ
¼ �-jj1jj2 � m1jjfjj2 � -jj�Q xSð Þ ~hSjj2 þ -

2
jj1jj2

þ -
2
jj�Q xSð Þ ~hSjj2 þ m1

2
jjfjj2 þ �c2N2

2m1
jj1jj2

6 �jj1jj2 � m1
2
jjfjj2 � -

2
jj�Q xSð Þ ~hSjj2 6 �aUU ð72Þ

for some aU > 0. Hence, it can be obtained that jj1jj, jjfjj and
jj�Q xSð Þ~hSjj converge to zero exponentially. There-

fore,lim
t!1

Ŝi � S
	 


ni tð Þ ¼ lim
t!1

~Si x0 tð Þ þ 1i tð Þð Þ ¼ lim
t!1

�Q xSð Þ~hSþ
~Si1i tð ÞÞ ¼ 0, lim

t!1
gi tð Þ � q0 tð Þð Þ ¼ 0 and lim

t!1
n̂i tð Þ � x0 tð Þ
	 


¼ 0

exponentially.
A.2 Details of Di and �Di

In this part, the detailed form of Di and �Di will be given to com-
plete the controller derivation. For notational convenience, we

define h
^

i ¼ x̂i � xi ¼ x
^

ix; x
^

iy; h
^

iz

h iT
, ji ¼ k1i þ aið Þ=2�

êi � pi ¼ jix; jiy; jiz½ �T and li ¼ k1i þ aið Þ=2 � �ei þ di þ k2i.

By applying Eqs. (14), (16) and (18), Di can be obtained as

Di ¼ W x̂ið Þ �W xið Þ
¼ �x̂iL x

^
i

	 

� x

^�
i L xið Þ

þ L x
^�

i pi þ
k1i þ ai

2
ê�i þ �eI
� �

x
^

i þ di þ k2ið Þx^i

� �
¼ �x̂iL x

^
i

	 

� x

^�
i L xið Þ þ L j�

i x
^

i

	 

þ liL x

^
i

	 

ð73Þ
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The details are given below:

x̂�
i L x̂ið Þ ¼

0 x̂izx
^

ix �x̂iyx
^

ix

�x̂izx
^

iy 0 x̂ixx
^

iy

x̂iyx
^

iz �x̂ixx
^

iz 0

�x̂izx
^

ix x̂izx
^

iy x̂ix � x̂iyx
^

iy

x̂iyx
^

ix x̂izx
^

iz � x̂ixx
^

ix �x̂iyx
^

iz

x̂iyx
^

iy � x̂izx
^

iz �x̂ixx
^

iy x̂ixx
^

iz

266666666664

377777777775

T

ð74Þ

x
^�

i L xið Þ¼

0 x
^

izxix �x
^

iyxix

�x
^

izxiy 0 x
^

ixxiy

x
^

iyxiz �x
^

ixxiz 0

�x
^

izxix x
^

izxiy x
^

ixxix�x
^

iyxiy

x
^

iyxix x
^

izxiz�x
^

ixxix �x
^

iyxiz

x
^

iyxiy�x
^

izxiz �x
^

ixxiy x
^

ixxiz

266666666664

377777777775

T

ð75Þ

L j�
i x
^

i

	 

¼

jiyx
^

iz�jizx
^

iy 0 0

0 jizx
^

ix�jixx
^

iz 0

0 0 jixx
^

iy�jiyx
^

ix

jizx
^

ix�jixx
^

iz jiyx
^

iz�jizx
^

iy 0

jixx
^

iy�jiyx
^

ix 0 jiyx
^

iz�jizx
^

iy

0 jixx
^

iy�jiyx
^

ix jizx
^

ix�jixx
^

iz

266666666664

377777777775

T

ð76Þ

L x
^

i

	 

¼

x
^

ix 0 0

0 x
^

iy 0

0 0 x
^

iz

x
^

iy x
^

ix 0

x
^

iz 0 x
^

ix

0 x
^

iz x
^

iy

26666666664

37777777775

T

ð77Þ

Since all elements of Di in Eqs. (73)(77) can be written as

x
^
iTh, where H 2 R3, Di can be given in a compact form as

Di ¼
x
^

i 03�1 03�1

03�1 x
^

i 03�1

03�1 03�1 x
^

i

264
375

T

K ð78Þ

where denotes the corresponding matrix. Then one has

DiD
T
i ¼

x
^

i 03�1 0

03�1 x
^

i 03�1

03�1 03�1 x
^

i

264
375

T

�Di

x
^

i 03�1 03�1

03�1 x
^

i 03�1

03�1 03�1 x
^

i

264
375 ð79Þ

with

�Di ¼ KKT ð80Þ
It can be concluded for the definition of 2-norm that

jjDiD
T
i jj ¼ jjDijj2 6 jj�Dijjjjx̂� xjj2 ð81Þ

Thereby the detailed forms of Di and �Di are given.
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